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= Recognize limits that produce indeterminate forms.
™ Apply LU'Hdpital’s Rule to evaluate a limit.

Indeterminate Forms

Recall that the forms 0/0 and oo/co are called indeterminate because they do not
guarantee that a limit exists, nor do they indicate what the limit is, if one does exist.
When you encountered one of these indeterminate forms earlier in the text, you
attempted to rewrite the expression by using various algebraic techniques.

Indeterminate
Form Algebraic Technique
0 -
o = lim 26— 1) Divide numerator and
e denominator by (x + 1).
=—4
= Divide numerator and
o

denominator by .

Occasionally, you can extend these algebraic techniques to find limits of
transcendental functions. For instance, the limit
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Figure 8.14

produces the indeterminate form 0/0. Factoring and then dividing produces

et e —1) _ _
o =lime ) =2

o —

However, not all indeterminate forms can be evaluated by algebraic manipulation.
This is often true when both algebraic and transcendental functions are involved. For
instance, the limit

L eX
lim
0 X

produces the indeterminate form 0/0. Rewriting the expression to obtain

merely produces another indeterminate form, oo — 0. Of course, you could use tech-
nology to estimate the limit, as shown in the table and in Figure 8.14. From the table
and the graph, the Timit appears to be 2. (This Timit will be verified in Example 1.)

-1 —0.1 | —=0.01 | —0.001 | 0| 0.001 | 0.01 0.1 1

%=
1

0.865 | 1.813 | 1.980 1.998 | 7| 2.002 | 2.020 | 2.214 | 6.389
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GUILLAUME LHOPITAL (1661-1704)

UHapitals Rule is named after the French
mathematician Guillaume Frangois Antaine de
UHapital. Hopital s credited with wiiting the
first text on differential calculus (in 1696) in
which the rule publicly appeared. It was
vecently discovered that the rule and its proof
were written in a lette from John Bernoullito
UHapital. ..., | acknowledge that | owe very
much to the bright minds of the Bemouli
brothers. .. | have made free use of their
discoveries ..,” said LHopital

L'Hépital’s Rule
To find the limit illustrated in Figure 8.14, you can use a theorem called L’Hopital’s

Rule. This theorem states that under certain conditions the limit of the quotient
f(x)/g(x) is determined by the limit of the quotient of the derivatives

g
To prove this theorem, you can use a more general result called the Extended Mean
Value Theorem.

THEOREM 8.3 THE EXTENDED MEAN VALUE THEOREM

If fand g are differentiable on an open interval (, b) and continuous on [a, b]
such that g’(x) # 0 for any x in (a, b), then there exists a point ¢ in (a, b) such
that

16 _ 1) - @)
gle)  glb) = gla)

[TEP To sce why this is called the Extended Mean Value Theorem, consider the special case
in which g(x) = x. For this case, you obtain the “standard” Mean Value Theorem as presented

in Section 4.2, -

The Extended Mean Value Theorem and L'Hépital’s Rule are both proved in
Appendix A.
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Let fand g be functions that are differentiable on an open interval (a, b)
containing ¢, except possibly at ¢ itself. Assume that g'(x) # 0 for all x in
(a, b). except possibly at c itself. If the limit of f(x)/g(x) as x approaches ¢
produces the indeterminate form 0/0, then

aoe g(x)  xoe g'(x)

provided the limit on the right exists (or is infinite). This result also applies if
the limit of f(x)/g(x) as x approaches ¢ produces any one of the indeterminate
forms 00/00, (- 0)/00, 0/(=20), or (— 0)/(—o0).

People oceasionally use L'Hopital’s Rule incorrectly by applying the Quotient Rule to
f(x)/g(x). Be sure you see that the rule involves f(x)/g/(x), not the derivative of f(x)/g(x).
L]

L°Hopital’s Rule can also be applied to one-sided limits. For instance, if the limit
of f(x)/g(x) as x approaches ¢ from the right produces the indeterminate form
0/0, then

JUACS I (€3]
Jim o =

provided the limit exists (or is infinite).
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Graphical Approaches Use a
numerical or a graphical approach
to approximate cach limit.

o2
a. lim
0 x

b. lim

0

e
¢ lim
=0 x

20 _
d. lim £ 1
=0 x

What pattern do you observe? Does an
analytic approach have an advantage
for these limits? If so, explain your
reasoning.

EXAMPLE N Indeterminate Form 0/0

2

Evaluate lim
=0 X

Solution  Because direct substitution results in the indeterminate form 0/0

lim (e — 1) =0

/:m

limx =0
50

you can apply L' Hépital’s Rule, as shown below.

Ao
w1

-1 )
lim ——— = lim Apply L’ Hopital’s Rule.
a0 x 20 d
[
dx
2e e )
= ]Irl’l!‘ 1 Differentiate numerator and denominator.
=2 Evaluate the limit.

[TEED In writing the string of equations in Example 1. you actually do not know that the first
limit is equal to the second until you have shown that the second limit exists. In other words, if

the second limit had not existed. it would not have been permissible to apply L'Hopital’s Rule.
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o (or —oo) produces the indeterminate form 0/0 or o /oo, then

o 1) _ 100
= M)

provided the limit on the right exists.

EXAMPLE [EJ Indeterminate Form oo /oo

Inx
Evaluate lim o

Solution  Because direct substitution results in the indeterminate form oo /oo, you
can apply L’Hopital’s Rule to obtain

i Td [inx]
¥, = xin the same viewing window.  xoee X xoee  d
Which function grows faster as x =
approaches o7 How is this observation ,
related to Example 2? = lim Differentiate numerator and denominator.

0. Evaluate the limit. ]
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an indeterminate form, as shown in Example 3.

EXAMPLE &l Applying LU'Hépital’s Rule More Than Once

Evaluate lim

xo—oo e

Solution  Because direct substitution results in the indeterminate form oo /oc, you
can apply L’ Hopital’s Rule.

This limit yields the indeterminate form (—)/(—o0), so you can apply L'Hépital’s
Rule again to obtain

Tn addition to the forms 0/0 and oo /oo, there are other indeterminate forms such
as 0+ 00, 1%, 00%, 0°, and oo — oo. For example, consider the following four limits
that lead to the indeterminate form 0 « co.
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Limitis 1 Limit is 2. Limit is 0. Limit is .

Because cach limit is different, it is clear that the form 0 + oo is indeterminate in the
sense that it does not determine the value (or even the existence) of the limit. The
following examples indicate methods for evaluating these forms. Basically, you
attempt to convert each of these forms to 0/0 or oc/oo so that L'Hopital’s Rule can
be applied.

EXAMPLE [EN Indeterminate Form 0 - oo

Evaluate lim ¢ */x.

Solution  Because direct substitution produces the indeterminate form 0 + oo, you
should try to rewrite the limit to fit the form 0/0 or oo /oc. In this case, you can rewrite
the limit to fit the second form.

lim e /% S5

lim —
s xooe et

Now, by L'Hopital’s Rule, you have
Va1 1
m

lim —= = lim
yooe € xooe @b xoe 2 /x et
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the other form. For instance, in Example 4 you can write the limit as

2

lim

P oe X

which yields the indeterminate form 0/0. As it happens, applying L Hépital’s Rule to
this limit produces

. . —e
Jim =7 = i e
which also yields the indeterminate form 0/0.

The indeterminate forms 1%, 00, and 0° arise from limits of functions that have
variable bases and variable exponents. When you previously encountered this type of
function, you used logarithmic differentiation to find the derivative. You can use a
similar procedure when taking limits, as shown in the next example.

EXAMPLE H Indeterminate Form 1>

Evaluate lim (1 +l)i
X

Solution  Because direct substitution yields the indeterminate form 1%, you can
proceed as follows. To begin, assume that the limit exists and is equal to y.

B
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Because the natural logarithmic function is continuous, you can write

Iny

Iny = lim [x ]n(] + %)] Indeterminate form oo + 0
([1 + (1
= lim ( & (/) ) Tndeterminate form 0/0
. e 1/x
— —1/x2) +
/ =l <( 120/ n (1/2) ,) L Hopital's Rule
A ~1/e

6

- Now, because you have shown that In y = 1, you can conclude that y = e and obtain

Thelimitof [1 + (1/9as approaches o (1 +i) .
infinity is e. ATy

Figure 8.15 . -
You can use a graphing utility to confirm this result, as shown in Figure 8.15.
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Evaluate lim( 1, )
asl\lnx - x =1

Solution  Because direct substitution yields the indeterminate form oo — oo, you
should try to rewrite the expression to produce a form to which you can apply
L’Hopital’s Rule. In this case, you can combine the two fractions to obtain

Tn cach of the examples im (L _ ) _ [ In r]

presented in this section, LHopital’s e \Inx - x—=1) [ k= Dinx |

Rule is used to find a limit that exists. X L X .

Tt can also be used to conclude that a|NOW- because direct substitution produces the indeterminate form 0/0, you can apply
limit is infinite. For instance, try using |LHOpital’s Rule to obtain

L'Hapital’s Rule to show that

Lhe—1-1
e o 1 ol s
lim < = oo, lim lim
e ety Tx—1) T d
&

Jim [(x “00/) + ]nx]

= lim (7"7' )
e P A

This limit also yiclds the indeterminate form 0/0, so you can apply L’ Hopital’s Rule
again to obtain
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= lim (————].

st \x = 1+ xlnx

This limit also yields the indeterminate form 0/0, so you can apply L'Hopital’s Rule
again to obtain

e Ly 1
\lr“(ln17Xfl>7xl~‘>r‘|"‘[l+x(|/x)+lnx]

The forms 0/0, 0c/00, 0o — 22,0 + o, 0%, 1>, and oo have been identified as
indeterminate. There are similar forms that you should recognize as “determinate.”

%+ 0o = Limitis positive infinity.
-0 -0~ Limit is negative infinity.
0= =0 Limit s zero.

0> 5 oo Limit is positive infinity.



[image: image13.png]As a final comment, remember that L'Hépital’s Rule can be applied only to
quotients leading to the indeterminate forms 0/0 and oo/cc. For instance, the
following application of L’ Hopital’s Rule is incorrect.

& n & i
lim=—=lim— =1 Incorrect use of L'Hopital’s Rule

mntQ /

The reason this application is incorrect is that, even though the limit of the
denominator is 0, the limit of the numerator is 1, which means that the hypotheses of
L'Hopital’s Rule have not been satisfied.
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Numerical and Graphical Analysis In Exercises 1-4, complete 20, lim x
the table and use the result to estimate the . Use a graphing "o x? 4+ dAx + T
utillty to graph the function to support your result. e
2 in s
24, lim -
x| —01 | —001 | —0001 | 0:001 | 001 | 0.1 2 _
o 25, lim =55 26. lim
1 e

28.
2. lim 5 e/

30.

o | o0 5 x
[ |0 e | e | 10| 10 i & .
S)

x o] e || | e
J©





[image: image15.png]In Exercises 5-10, evaluate the limit using L’Hopital’s Rule. In Exercises 45-62, (a) describe the type of indeterminate form

5 lim =4 6. lim 2w Hx-6 (if any) that is obtained by direct substitution. (b) Evaluate the
4 16 2 x 42 limit, using I’Hopital’s Rule if necessary. (c) Use a graphing
utility to graph the function and verify the result in part (b).
45. Jim xlnx 46. 1im (Inx)*"
P b e
42+ x 49, lim x'/* 50. lim (e* + )+
0 0
it, using L’Hopital's Rule if 51, lim 11/+ 52 im (1 +—')‘
eger) = o X
53. lim (1 +x)'* 54, lim (1 + x)V*
1 —2x—3 x50 Py
T s, lim [3977] 56. lim [3(x — 4]
L lim . 8 _x )
- lim 61 lim (i— 2 ) 62. lim
o w—iAny - x— 1 P}

TG (]

230" X"



[image: image16.png]71. Numerical Approach Complete the table to show that x Comparing Functions In Exercises 73-78, use L’Hépital’s Rule

eventually “overpowers” (In x)*. to determine the comparative rates of increase of the functions
() = x7, g(x) = e, and h(x) = (Inx)", where n > 0,m > 0,
x 10 [ 10> | 10* | 10° | 10° | 10 andx — oo.
(nxy 2
In 73, lim 2
x o e
- (Inx)®
72. Numerical Approach Complete the table o show that e* 75. lim ===
eventually “overpowers” x°. “' »
77. Jim 422
x| 1|5 |10]2030] 40|50/ 100 o
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67. List si erent indeterminate forms.
68. State L'Hopital’s Rule.

69. Find differentiable functions f and g that satisfy the
specificd  condition such that lim f(x) = 0 and
tim g(x) = 0. -

Think About It Tn Exercises 83- 85, L’Hopital’s Rule is used
incorreetly. Describe the error.

Explain how you obtained your answers. (Note: There are
many correct answers.)
(a) Iim‘M =10 (b) lim L& =
e e
© 1im L9~ o
e
70. Find differentiable functions fand g such that

88. Determine which of the following limits can be evaluated
using L'Hopital’s Rule. Explain your reasoning. Do not
evaluate the limit.

i - - _ 04y

Jim f(x) = lim g(x) = oo and @ lim 2 ®) lim % 4I‘
o oy

lim [f(x) = g(x)] = 25. .

o © tim & @ &=

) tim = i
Explain how you obtained your answers. (Note: There are e M3
many correct answers.) |t alnx— 1)

©) lim
© M G




[image: image18.png]94. Compound Interest The formula for the amount A in & True or False? In Exercises 101104, determine whether the
savings account compounded 1 times per year for  years atan  statement is true or false. If it is false, explain why or give an

interest rate r and an initial deposit of P is given by example that shows it is false.
) N 101 lim
f)

Use L'Hopital’s Rule to show that the limiting formula as the 102.
number of compoundings per year approaches infinity is given 103,
by A = Per.

Ify

104.

PUTNAM EXAM CHALLENGE

123. Evaluate lim

s
] wherea > 0,a # 1.

“This problem was composed by the Commitiee on the Putnam Prize Competition
© The Mathematical Association of America. All rights reserved.
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limits thot produce indetermine forms

Indeterminate Forms and Limits

In Sections 1.5 and 3.6, you studied limits such as

In those sections. you discovered that direct substitution can produce an indeter-
minate form such as 0/0 or 55/, For instance, if you substitute x = 1 into the
first limit, you obtain

Indeterminse form

which tells you nothing about the limit. To find the limit, you can factor and
divide out like factors, as shown.

im (x + 1) Simplify.
e i o
2 Simplity.

For the second limit, direct substitution produces the indeterminate form oo/
which again tells you nothing about the limit. To evaluate this limit, you can
divide the numerator and denominator by x. Then you can use the fact that the
limit of 1/, as x— 2, is 0.

1l 241/ "Divide numerstor and
R e L N ] denominator by .
240

Evaluste limits.

+0

Simpliy.

Algebraic techniques such as these tend to work well as long as the function itself
is algebraic. To find the limits of other types of functions, such as exponen
functions you generally need to use a different approach.
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Find the limit.

SOLUTION  When evaluating a limit, you can choose from three basic approach-
es. That i, you can attempt to find the limit analytically, graphically, or numer-
ically. For this particular limit, it is not clear how 10 use an analytic approach
because direct substiution yields an indetermiy

Indeterminat form

Using a graphical approach. you can graph the function, as shown in Figure 8.36,

FIGURE 8.36 and then use the zoom and frace features o estimate the limit. Using a numerical
approach, you can construct a table, such as that shown below

TRY 1T 1 « ~001 [ ~0001 | ~00001 [0 00001 [o00r [oor

Find the limit.

&

20554 | 29955 | 20996 | 7| 30005 | 30045 | 30455

From the values in the table, it appears thatthe imit i 3. So. from either a graph-
ical or a numerical approach. you can approximate the limit o be

et
lim

3
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L'Hépital’s Rule
L'Hopita’s Rule, which is named after the French mathematician Guillaume  oe e ica o8 ERphical
Francois Antoine de L'Hopital (1661-1704), describes an analytc approach for o (0 PP
evaluating limits -
@ tim E=

B cuopicars e

Let (, b) be an interval that contains c. Let f and g be differentiable in ONL

(@, ). except possibly at . I the limit of /(x)/8(x) as x approaches ¢ e

produces the indeterminate form 0/0 or /26, then © tim

i £ = g £

Him et = B et

provided the limit on the right exists or is infinite. The indeterminate
form 50/ comes in four forms: o6/, (—6)/oe, 0o/(—oc), and
(=20)/(~ o). L Hopital’s Rule can be applied to each of these forms.

What pattern do you observe?
Does an analytic approach have
an advantage for these limits?
If 5o, explain your reasoning.
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Find the.

i €=

SOLUTION I Example 1. it was shown that the limit appears 1o be 3. Because:
direct substitution produces the indeterminate form 0/0, you can apply L'HGpital’s
Rule to obtain the same result

Lo
[ —
4
3 [o—
g s

Dirctsbstiuion

simpiity.

sTuby TIP

Be sure you see that L Hopital’s Rule involves f/(x)/g/(x),nof the derivative of
the quotient f(x)/g(x).




[image: image23.png]Using L'Hapital’s Rule

STuDY TIP

Another form of L'Hopital's —
Rule states that if the limit of MET
x)/8(x) as x approaches o or

e o tenminate SOWTION  Because direc substituion produces the ndeterminse for o2/22

form 0/0 or oo/, then

lm Indirminte form
" W i
tim 29— iy L.
M0 e T M e ‘you can apply L'Hopital's Rule, as shown.
“This form s used in Example 5. @

lim _ald Apply L'Hipl's Rl
: iy L Hopial's Rl
AET ""%[e‘“f']

l Diferentiae umerstor and

Jim 2o frsiemdesd
'
- lim 5 Sl

=0 Evaluate limit




[image: image24.png]Sometimes it is necessary to apply L'Hopital’s Rule more than once to
remove an indeterminate form. This is shown in Example 6.

Using L'Hapital’s Rule Repeatedly ~ TRY 1T 6

Find the limi

Find the limit.
Eal
Jim = s

SOLUTION  Because direct substitution results in the indeterminate form 0/20

Indetermiateform

s Rule, as shown.
a

e )
lim = lim Apoly LHopiat' Rl

Diffsrntise umerstorand
depominaor separcly.

Indeterminate form

After one application of L'Hopital's Rule, you sill obtain an indeterminate form.
In such cases, you can try L' Hopital’s Rule again, as shown.

ap,
2 w2
tim 2= g S Apply LHOpials Rul.
I T
ax
Difereniste numersor and
denominator sepuriely.
[E——

So. you can conclude that the it is zero,

sTubY TIP

Remember that even in those cases in which L'Hopitals Rule can be applied
10 determine a limit, i is stilla good idea to confirm the resulf graphically o

numerically. For instance, the table below provides  numerical confirmation
of the limit in Example 6.

05413 | 02031 | 0.0892 | 00215 | 00045 | 00008





[image: image25.png]L’Hopital’s Rule can be used to compare the rates of growth of two func
For instance, consider the limit in Example 5

However, becaus the quotient 1)/(x) approaches 0.as x— . it folows that
the denominator s growing much more rapidly than the numerator

L Hapital's Rule is necessary to solve certain realJ
pound interest problems and other business applications.

I sTuby TiP

EXARPLE 7] Comparing Rates of Growth

Each of the functions below approaches infiity as x approaches infinity. Which
function has the highest rate of growth?

@ f=x b g)=e () hx)=Inx
SOLUTION  Using L Hopital's Rule, you can show that each of the limit i zero.

ol
S o= Jim g
L)
4
g
tim 2 = i

e m il

o if‘“‘] 1,
ey i Tl =
e

From this, you can conclude that (x) = In.x has the lowest rate of growth,
f(x) = xhas a higher ate of growth, and g(x) = ¢* has the highest rate o growth.
This conclusion is confirmed graphically i Figure 8.38.





[image: image26.png]In Exercises 1-8, find the limit, if it exists.

Llim (= 1004 1) 22 lim 2

- R

28 - 5e+7
Sl eriers &ML

s
Zim = s

TAKE ANOTHER LOOK

Comparing Rates of Growth

Eoch of the funcions below opproaches infiny 0 x opprooches infiiy. I each poir,
which uncion hos the highe rae of growh? Use a grophing utly fo verity
your choce

b fx = T, gl





xercises[image: image27.png]In Exercises 1-6, decide whether the limit produces an indeter-
minate form.

o
nSes
ot

In Exercises 7-10, complete the table to estimate the limit
numericaly.

B in ercises 116 use a graphing ity o find the incicated

i i S

- 2

In Exercises 17-48, use LHOpital’s Rule to find the limit. You may
need to use LHopitals Rule repeatedly.

~001 | -0001| 0] 0001 [ 001 0.1

2999 [ 3 [ 3001 [ 301 [ 31

I Exercises 57-62, use LHopitals Rule to compare the rates of
growth of the numerator and the denominator.

o 5 o0 0
. . i 020
. 102 omt
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[image: image29.png]In Exercises 17-48, use L'Hopital's Rule to find the limit. You may

need to use LHopital's Rule repeatedy.

T Y
%l s
2. g =Lt e

L.

28, lim 3%

e

L 3 +S
30 fim e

32. lim

Ty

42. hl‘!
_2
P 2
w2 -
6. lim 2 48 lim o

In Exercises 49-56, find the limit. (Hint: L'H&pital's Rule does not
apply in every case)

L L |
. Jim Ty

. fx + 5
R T Tl

5 masoe

In Exercises 65-68, LHOpitals Rule is used incorrectly. Describe

53, lim D=2

M2

sS4 im 50

55, lim 210X

= e

In Exercises 57-62, use LHOpital's Rule to compare the rates of
growth of the numerator and the denominator.

57, lim 2

e

8. lim

feye

59. lim

- x

60. lim

-

61. lim

62 lim

e

63. Complete the table 10 show that x eventually “overpowers™
(In ).

x 10 | 10* | 100 | 10° | 10° | 10°

the table to show that e* eventually “overpowers™

x |1|2]a|s|12]20]30

lim G7m

= lim
e
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+2
73. Show that L'HOpial’s Kule fais for e timit

n

True or False? In Exercises 78-81, determine whether the
statement is true o fals. I it is false, explin why or give an
s false.

hen ) has a higher growh rte than /(1.

81 ”Imlg\\) 1. then glx) = flx).





Answers to the odd numbered problems
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